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Summary. In this paper we present the findings of a principally bibliographical long-
term research project, concerning "fractions". This is one of the most studied questions in 
Mathematics Education, since the learning of fractions is one of the major areas of failure. 
Here we present a way of understanding lack of success based on Mathematics Education 
studies, rather than on mathematical motivation. 
 
 
 
The teaching-learning process regarding fractions is certainly one of the 
most studied since the very beginning of research into Mathematics 
Education, probably because (together with the related question of decimal 
numbers) it represents one of the most evident areas of failure in schools the 
world over. 
 
 
 
1. Mathematical aspects 
 
It must be said that a number of teachers are unaware of the fact that there is 
a considerable difference between a fraction and a rational number (this 
study will deal only with absolute rational numbers Qa). Few are aware of 
the purpose of constructing Qa starting from ordered pairs of N×N+. The fact 
that an absolute rational number is a class which contains infinite ordered 
equivalent pairs of natural numbers (the second of which is not zero) is by 
no means clear to all. 
 
Let us examine a mathematically acceptable definition of Qa, starting from 
N, by considering the pairs (a; b), (c; d) of the set N×(N-{0}), where a, b, c, 
d are any natural number, with the sole restrictions b≠0, d≠0, and taking the 
following relation (indicated by eq): 

[(a; b) eq (c; d)] if and only if [a×d = c×b]. 
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This relation belongs to a special category, that of the relations of 
equivalence, in that is [leaving aside the simple demonstration]: 
• reflexive: for each pair (a; b) of N×(N-{0}), the following statement is 

true: (a; b) eq (a; b); 
• symmetrical: for each pair of pairs (a; b), (c; d) of the set N×(N-{0}), the 

following statement is true: if [(a; b) eq (c; d)] then [(c; d) eq (a; b)]; 
• transitive: for each set of three pairs (a; b), (c; d), (e; f) of the set N×(N-

{0}), the following statement is true: if {[(a; b) eq (c; d)] and [(c; d) eq 
(e; f)]} then [(a; b) eq (e; f)]. 

 
In this way the initial set N×(N-{0}) can be distributed by subdividing it in 
equivalence classes via the operation known as “passage to the quotient”, 
thus indicated: [N×(N-{0})] / eq. 
[N×(N-{0})] / eq contains infinite classes, which are the elements that 
constitute it; in each class there are infinite pairs of natural numbers. 
[N×(N-{0})] / eq is the set Qa. Each infinite class of equivalent pairs is 
called an absolute rational number. 
Thus an absolute rational number is a class which contains infinite pairs of 
equivalent natural numbers; normally a representative for each class is 
chosen and can be expressed through different written forms. 
In Qa the operation of division can be defined, whereas in N it was not: to 
divide the pair (a; b) (with b≠0) by the pair (c;d) (with d≠0), we need only 
multiply (a; b) by (d; c) (with the same necessary condition 0≠c ). 
 
 
 
2. The history of fractions 
 
To better control obstacles, Brousseau has taught us to face the problems 
that the history of a given discipline poses. We find that the history of 
fractions, while apparently simple, contains many features of interest.  
The history of fractions is long and curious, but we do not have space to 
discuss it here. Nice examples begin in Egypt from 3,000 B.C., where 
fractions, principally the unitary ones, were used in sophisticated problems. 
The word “fraction” comes from the late Latin “fractio”, “part obtained by 
breaking”, and thus from the verb “frangere”, “to break”. Thus we should 
avoid imagining that the original etymological meaning of the term fractions 
presupposes that the parts obtained by breaking are “equal”. 
 

The symbol 
n
m

 is of uncertain origin, but was certainly used by Leonardo 

Fibonacci Pisano in his Liber Abaci, published in 1202. Numbers which are 
fractions are called “rupti” or “fracti” and the horizontal line traced between 
numerator e denominator is called “virgula”, i.e. “little stick” (from “virga”, 
“stick”). The words “numerator” and “denominator” are also of uncertain 
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origin, but we know that their use became established in Europe during the 
fifteenth century. The distinction between “proper”, “improper”, and 
“apparent” fractions dates from the eighteenth century. 
 
The representation of decimal numbers comes from the work of Simone of 
Bruges, known as Stevin, (1548-1620). He did not, however, use the point, 
but rather a quite different symbolism: for example, he wrote 
34�6�5�2� rather than 34.652. 
 
 
 
3. Fractions as an object of scholastic knowledge 
 
The passage from “Knowledge” (academic) to “learned knowledge” (of the 
student) is the result of a long and delicate path leading first to the 
knowledge to be taught, then to the knowledge actually taught and finally to 
the knowledge learnt. 
In this sequence the first step of transforming “Knowledge” into 
“knowledge to teach” is called didactic transposition and constitutes a 
moment of great importance in which the professionalism and creativity of 
the teacher are of utmost importance. 
 
As we have already seen, the object of Knowledge Qa cannot simply be 
transferred to the pupil, neither at primary nor at secondary level. The pupil 
simply does not possess the critical maturity or cognitive ability to construct 
such Knowledge. 
 
Nonetheless, among the “learned knowledge”, history, tradition and 
contemporary society all consider necessary to include Qa, together with the 
use of the point, of decimal numbers including those between 0 and 1, and 
so on. Moreover, the monetary system of almost all countries presupposes 
that citizens should possess a basic ability to handle absolute rational 
numbers; the international measurement system adopted it since the end of 
the eighteenth century, making it necessary; and in practically all jobs it is at 
least necessary to grasp the intuitive meaning of 0.5 or 2.5. Thus rational 
numbers have a social statute that makes them an ability that all should 
develop. 
 
At the same time, it is simply not possible to teach Qa at both primary and 
secondary level in a mathematical form which is formally correct. 
Thus an act of didactic transposition is clearly necessary in order to 
transpose Qa into something accessible to primary and then secondary 
pupils. The history of Mathematics teaching clearly places the path of this 
transposition within the following line of development: fractions (primary 
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and secondary school), decimal numbers (primary and secondary school), 
Qa (upper secondary school or, at times, university). 
 
It would be wrong to suppose that “didactic transposition” is the same as 
“simplification”. Often the concepts that our student must go through are 
bristled with complications, compared to the ones relative to the 
Knowledge. For example, with fractions numerous conceptual problems 
arise concerning objects of knowledge which do not exist in Qa. If we 

consider the apparent fractions (
n
m

 with n divisor of m) or improper 

fractions (
n
m

 with m>n), their presence is cumbersome and complex, 

bristled with cognitive difficulties, while in Qa these options simply do not 
exist. 
 
Indeed, if it were possible to avoid passing via fractions and go straight to 
absolute rational numbers things might well be more simple and natural. But 
this is impossible. It still seems natural to pass via fractions, even if it is not 
at all clear that this is the most effective path. What is clear is that it poses 
many difficulties. 
 
Thus fractions, while not a part of academic Knowledge, are nonetheless an 
issue of Mathematics Education as an object of knowledge, a knowledge 
that we could call “scholastic”. 
 
 
 
4. Theoretical framework didactic researches into fractions 
 
Introducing the concept of fractions has a common basis the world over. A 
given concrete unit is divided into equal parts and some of these parts are 
then taken. This intuitive idea of fraction of the  unit is clear and easily 
grasped, as well as being simple to modelize in everyday life. It is, however, 
theoretically inadequate for subsequent explanation of the different and 
multiform interpretations given to the idea of fraction. As we shall see, one 
single “definition” is not sufficient. 
 

When a child of between 8 and 11 years of age has understood that 
4
3

 

represents the concrete operation of dividing a certain unit in 4 equal parts, 
of which  3 are then taken, it would seem that everything is proceeding 
smoothly. Unfortunately, almost immediately it is clear that the simple 
construction of that knowledge is blocking the way, it is an obstacle to 
subsequent real learning. This is knowledge, but inadequate to continue in 
the construction of further correct knowledge. If, for example, we have a 
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unit divided in 4 equal parts, what does it mean, from this point of view, 

taking 
4
5

 of it? 

 
At times it seems that many teachers are unaware of the conceptual and 
cognitive complexity involved. I believe that it is necessary to dedicate a 
whole section to different ways of intending the concept of fraction, that we 
would like the pupil to acquire. 
To give reliability to my work I am obliged to propose an overview of 
international research in this delicate field, certainly one of the most 
cultivated the world over. It is impossible to quote the whole of these 
researches, since its vastness goes beyond our imagination. I will quote only 
the works which have been directly influential for my subsequent choices, 
dropping the others. They will be rather a lot anyway. My hope is that this 
painstaking bibliographical research (I shall propose mainly quotations with 
regard to the period 1970-1990, and a more detailed bibliography with 
reference to the period 1990-2000) may be of use also to others who wish to 
pursue research in the same field. It has not been trivial constructing it. 
 
4.1. Basic premises 
 
The idea of fractions is formally introduced at primary school level, in Italy 
usually in the third year, even though it is already present in the most 
immediate sense of “half” an apple or “a third” of a bar of chocolate, or 
divide a handful of chocolates in 4 equal parts, at a much earlier age. 
What schooling does is formalise the written form and institutionalize its 
meaning. 
 
Roughly speaking, we can say that the universal first approach is that of 
taking a “concrete object of reference”, considered as unit, which should 
have the following requirements: 
• be perceived as pleasant and thus fun, 
• clearly unitary and 
• already familiar, thereby not requiring further learning. 
 
Normally a round cake or a pizza is chosen in almost all countries the world 
over; both these objects have the above requirements 
 
Situations are then imagined in which this given unit (a cake, a pizza or 
similar) must be shared between a number of pupils or people in general. In 
this way the pupils arrive at the idea of a half (dividing by 2), a third 
(dividing by 3), and so on: the “Egyptian fractions”, which are our first 
historical example. 
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For each of these fractions specific written forms are established that for the 

above cases are 
2
1

 and 
3
1

 and reading these forms as “a half” and “a third” 

poses few problems. Nor does generalizing from these examples the written 

form 
n
1

, which assumes the meaning of an initial unitary object divided into 

n equal parts. With young pupils various examples are considered, assigning 
different appropriate values to n. 
If then the guests, for different reasons, have the right to different amounts 
of the equal parts into which the unitary object had been divided, this gives 

rise to different written forms such as 
5
2

 (two fifths) meaning that two of 

the five equal parts into which the unitary object had been divided are taken. 
Several new ideas thus arise and a number of characteristics of these written 
forms are then established: 
• the number beneath the little horizontal line is called the denominator 

and this indicates the number of equal parts into which the unit has been 
divided; 

• the number above the little horizontal line is called the numerator and 
this always indicates the number of parts taken (in this way, the 
numerator expresses the number of times the fractional part must be 
taken, and thus a multiplication); 

• to give sense to this, the fractional parts of the unit must be equal, a 
point much stressed and to which we will return later in a critical way. 

 
We shall see how the understanding of these elements, and in particular 
those marked by italics, end up being an obstacle to the construction of the 
concept of fraction. 
 
4.2. The theoretical framework of didactic researches into fractions 
 
4.2.1. From the 1960s to the 1980s 
 
The years between 1960 and 1980 gave rise to an enormous quantity of 
studies concerning the learning of fractions by pupils from 8 to 14 years of 
age, particularly in the United States. These studies principally concentrated 
on: 
 
• general questions regarding the very concept of fraction (Krich, 1964; 

Green, 1969; Bohan, 1970; Stenger, 1971; Coburn, 1973; Desjardins, 
Hetu, 1974; Coxford, Ellerbruch, 1975; Minskaya, 1975; Kieren, 1975, 
1976; Muangnapoe, 1975; Williams, 1975; Galloway, 1975; Payne, 
1975; Novillis, 1976; Ellerbruck, Payne, 1978; Hesemann, 1979); 

• operations between fraction and relative difficulties [Sluser, 1962 
(division); Bergen, 1966 (division); Wilson, 1967 (division); Bindwell, 
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1968 (division); Green, 1969 (multiplication); Coburn, 1973 (addition 
and subtraction); Streefland, 1978 (subtraction)]; 

• differing interpretations of the idea of fraction [Steffe, Parr, 1968 (ratio); 
Coburn, 1973 (ratio) Suydam, 1979 (ratio); Streefland (1979) (measure 
and ratio)]. 

 
Within these pioneering studies, those of Kieren (1975, 1976), that deal with 
the previous topics, emerge highlighting the existence of at least seven 
different meanings of the term “fraction”, showing how in this polysemy the 
principal problem of learning is hidden, both concerning the general concept 
and operations. 
 
During the 1980s the following rich and specific studies appeared: 
 
• learning in general (Owens, 1980; Rouchier et al., 1980; Behr, Post, 

Silver, Mierkiewicz, 1980; Hasemann, 1981; Behr, Lesh, Post, Silver, 
1983; Lancelotti, Bartolini Bussi, 1983; Pothier, Sawada, 1983; 
Streefland, 1983, 1987; Hunting, 1984a, 1986; Behr, Post, Wachsmuth, 
1986; Dickson, Brown, Gibson, 1984; Streefland, 1984a, b, c; Kerslake, 
1986; Woodcock, 1986; Figueras, Filloy, Valdemoros, 1987; Hunting, 
Sharpley, 1988; Behr, Post, 1988; Ohlsson, 1988; Weame, Hiebert, 
1988; Centino, 1988; Chevallard, Jullien, 1989); 

• learning operations between fractions [Streefland, 1982 (subtraction); 
Behr, Wachsmuth, Post, 1985 (addition); Peralta, 1989 (addition and  
multiplication)]; 

• comparisons between the values of fractions and/or decimal numbers 
and difficulties in extending natural numbers to fractions and/or 
decimals [Leonard, Grisvard, 1980; Nesher, Peled, 1986; Resnik et al., 
1989]; 

• problems connected with the differing interpretations of the term 
“fraction” [Novillis, 1980a, b (positioning on the line of numbers); 
Ratsimba-Rajohn, 1982 (measure); Hunting, 1984b (equivalence); 
Wachsmuth, Lesh, Behr, 1985 (ordering); Kieren, Nelson, Smith, 1985 
(partition; use of graphic algorithms); Giménez, 1986 (fractions in 
everyday language; diagrams); Post, Cramer, 1987 (ordering); 
Wachsmuth, Lesh, Behr, 1985 (ordering); Ohlsson, 1988 ( the semantics 
of the fraction); Davis, 1989 (the general sense of fractions in everyday 
life); Peralta, 1989 (various graphic representations)]. 

 
Particularly significant, amongst the works of the 1980s are the studies of 
Hart (1980, 1981, 1985, 1988, 1989; with Sinkinson, 1989), although based 
on many of the previously mentioned studies, he continues in a critical 
manner mainly the previous works of Kieren and those of the 
1980’s(Kieren, 1980, 1983, 1988; with Nelson, Smith, 1985). As we shall 
see, both Hart and Kieren will be active later, too. 
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I will follow for the mean time this classical stream and I will later present 
in section 5 the various meanings of fraction, basing my description on the 
seven classic proposed by Kieren, but also using the work of Hart and the 
panorama presented by Llinares Ciscar, Sánchez García (1988). I will 
obviously need to modernize this point of view, to take advantage of the 
instruments that meanwhile have been developed by Mathematics Education 
research. 
 
In the early Eighties, more precisely in 1980 and 1981, two articles 
appeared by Guy Brousseau (1980c, 1981), concerning decimal numbers 
didactics and based on experiences during the 1970s in the Primary school 
“J. Michelet” in Talence, France, which are considered a milestone in the 
field. 
Mentioned articles are fundamental for the evolution of Mathematics 
Education not only for the object investigated but mainly for a new 
methodology (named at the time “experimental epistemology”, completely 
new in the world panorama), rigorously discussed by the author prior to 
presenting it to the international community, that we can consider as the 
starting point of the modern idea of research in Mathematics Education. 
 
In these articles, the author defines the set D of decimal numbers as an 
extension of N which will then enable the passage to the rational numbers 
Q, studying briefly its history and its algebraic characteristics. He then 
demonstrates a highly interesting didactic sequence, now considered 
historical, that exploits primary school experiences (“repeated ten times”, he 
asserts, before publication of the results). The first step involves using the 
pantograph to analyze fractions, the second an enlarged reconstruction of a 
given puzzle, and third a problem concerning different thicknesses of sheets 
of paper. In each step Brousseau analyses in detail aspects now considered 
belonging to didactics but which at the time were absolutely new. He then 
describes the results of a test to assess this activity. The study proposes in 
ever-increasing depth an approach to rational numbers based on decimals, 
and constantly analyses each phase of the experimental process. 
 
The scope of the work is such, under a general point of view, that it must be 
considered a turning point in the structure of Mathematics Education 
research. The Author himself realized this, and in his later paper about 
epistemological obstacles (Brousseau, 1983, surely one of the most cited 
articles by researchers in Mathematics Education) he explicitly remembers 
as an example his didactic study of decimal numbers. 
 
The school is, however, slow to assimilate and absorb the results of didactic 
research. Even after 20 years, the effect of this article on school praxis has 
not been what it could or should have been. Moreover, analysis of 
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classroom practices and textbooks production shows how much is still to be 
understood concerning the difficulties encountered in introducing fractions 
and decimals. 
 
Another significant contribution is that of a project conducted in the USA 
from 1979 to 2002, in which a group of researchers, (K. Cramer and T. Post 
(University of Minnesota), M.J. Behr (University of Illinois), G. Harel 
(University of California) e R. Lesh (Purdue University), launched The 
Rational Number Project, giving rise to more then 90 articles up to 2003. 
The focus of this research is rational numbers, and all that accompanies 
them in the field of “proportional reasoning”, therefore including explicit 
and significant reference to fractions. 
 
I have quoted some of these articles and I will have to quote others soon. 
The Reader can find them in the bibliography, even if they are not 
recognizable as part of the project but according to the names of the 
Authors. Exhaustive reference to this research is impossible within the 
scope of this study, but can be found in the internet site which bears the 
name of the project; in this website the Reader will found the history of the 
project and the complete bibliography. both in alphabetical and in 
chronological order. 
 
4.2.2. From the 1990s to the present day 
 
Within this period the research in the area of fractions, decimal numbers and 
introduction to rational numbers (with reference to Primary and Secondary 
School, pupils aged 6-14 years) is voluminous. To avoid dispersing myself 
in references that I will not use and to avoid a terribly long bibliography, the 
following is merely a list of those research studies which influenced what I 
will discuss later. 
 
Clemens, Del Campo (1990) begin a trend pursued in different ways by 
many researchers. The conceptualization of rational numbers is considered 
clearly not a natural process, but rather it evolves corresponding to a need of 
human beings (there is a wide agreement about this idea in international 
literature The Authors suggest that, as there are discussions on opposite 
sides, it is better to avoid this debate. 
 
Weame (1990) criticizes the organization of both procedural (often used in 
school) and conceptual learning, proposing an example concerning the 
constructing of sense for decimal numbers. 
Saenz-Ludlow (1990, 1992, 1994, 1995) initiates a line of development 
subsequently much followed, that of “case studies” on learning fractions 
(but Hunting 1986 already published a similar work), i.e. analyses of the 
teaching-learning process concerning a single subject focusing on personal 
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strategies employed both for conceptualizing fractions and for spontaneous 
performing of addition involving fractions. 
 
Davis, Hunting (1990) suggest to carry out parallel didactic activities for the 
promotion of different skills regarding fractions, for example in discrete and 
continuous contexts, continuing in the line of the research carried out by 
Hunting and Korboski during the 1980s. 
 
Mack (1990, 1993) proposes the idea of “informal knowledge” based on 
every day life spontaneous activities to answer problems concerning 
individual’s real life, demonstrating through his classroom activities that 
this informal knowledge can permit an initial construction of ideas 
concerning fractions and rational numbers in which the former are treated as 
parts of a whole, with each part considered as a number in itself rather than 
as a fraction. 
 
Bonotto (1991) presents a detailed analysis of various approaches to rational 
numbers and related didactic experiments. 
 
Basso (1991a, b, 1992) suggests possible didactic paths for fractions, 
particularly in the 4th and 5th primary school classes, based on the results of 
didactic research conducted in the 1980s. 
 
Figueras (1991) presents an interesting and wide summary of the use of 
fractions and rational numbers in the real world, providing a number of 
interesting points of departure for didactic examples based on socially 
concrete situations in the use of fractions. 
 
Hunting, Davis (1991) emphasize the relationship between the idea of ratio 
and the first learning of fractions, suggesting, from the beginning, a 
development of the two concepts together, a strategy also proposed by 
Streefland (1991) and Neuman (1993). 
 
Hunting, Davis, Bigelow (1991), provide a critical analysis of didactic 
experiences and claim the need of a long-term treatment and consolidation 
of the unitary fraction before any other step, proceeding then to further 
“fractioning” of the parts thus obtained, but maintaining constant reference 
to the original unit. This position is also supported by Kieren (1993a) and 
Steffe, Olive (1990). 
 
Streefland (1990, 1991, 1993) defends and provides examples of approaches 
to the teaching-learning of fractions within the real world to justify step by 
step the needs that derive from daily life as regards the learning and 
mastering of fractions and rational numbers. 
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Valdemoros (1992, 1993a, b, c, 1994a, b, 1997, 1998, 2001, et al. 1998) 
provides a considerable diversity of perspectives on the language of 
fractions, in particular studying the construction of the meaning of fractions 
via different symbolic systems and with reference to concrete materials and 
models. Valdemoros (1997) examines the intuitive resources that can help 
with addition of fractions, often with reference to single case studies. 
Valdemoros (2004) demonstrates the results of a research project involving 
37 pupils aged 8-11, based on the different contents that can be assigned to a 
fraction. Particularly interesting is the case of students who give the 
following answer to the question of how to divide a square wall into five 
equal parts between five painters: 
 
 
 
 
 
 
 
On various occasions, I have myself found the same answer. The author 
distinguishes between different levels of data analysis: semantic, syntactic, 
“translation” from one language to another, the language of arithmetic, of 
reading. 
 
There are many studies based on classroom experiences concerning pre-
school fractions activities. In particular the work of Pepper (1991), Hunting, 
Pepper, Gibson (1992) will be later mentioned when referring to teaching 
proposals. 
 
Cannizzaro (1992) analyses the relationship between mathematical, 
cognitive and curricular levels in the didactics of arithmetic, at a certain 
point she examines the didactics of fractions emphasizing a number of 
questions to which we shall return, such as the need to distinguish different 
acceptations of the term fraction and the risks inherent in the use of concrete 
models.  
 
Kieren (1992, 1993a, b, c) continues the classic studies of the previous 20 
years, insisting on the idea of skills as specific personal facts and proposing 
and verifying the existence of personal mechanisms for the construction of 
knowledge in this field, proposing learning processes which begin with the 
“fractioning” of units. 
 
Behr, Lesh, Post, Silver (1992, 1993) provide a critical discussion of 
teaching activities that are contemporary to them, distinguishing between 
stages in the learning of fractions and rational numbers and analyzing the 
language of fractions didactics in the classroom. 



 12 

 
Bonotto (1992) presents the results of a test on fractions and decimal 
numbers administered with fifth year primary and first year high school 
pupils. The study focuses in particular on ordering and shows how 
knowledge of natural numbers is both an aid and an obstacle to this 
learning, how there are difficulties in handling the passage from fractions to 
decimal numbers and how knowledge of fractions and of decimals can enter 
into conflict. There is thus the need for a long-term path of adaptation in the 
learning of these concepts. 
 
Gray (1993) provides a study of  the general problems encountered in the 
passage from natural numbers to fractions and relative mathematical and 
learning difficulties. 
 
Davis, Hunting, Pearn (1993a, b) propose the use of diagrams to show the 
relationship between natural numbers and fractions, after having verified the 
pupils’ ability to move from one to the other. Their study documents a 
teaching experiment over two school years with pupils of 8-9 and 9-10 years 
of age. 
 
Ball (1993) presents a personal teaching-learning experience with pupils in 
the third year of primary school, involving long discussion of everyday uses 
of fractions in ordinary language, the construction of a solid awareness and 
the consolidation of personal representations before he discusses the use of 
symbols, which are openly negotiated. 
 
Bezuk, Bieck (1993) insist on the linguistic mastery of work on fractions 
trying to give sense to its learning and use; in their book they propose a brief 
summary of research conducted in this direction. 
 
Graeber, Tanenhaus (1993) propose an informal approach to fractions 
designed to give them a concrete sense, using fractions as numbers for 
measuring sizes and thereby they bring students to build an informal 
knowledge of this topic. 
 
Brown (1993) emphasizes the necessity to find common theories and 
models in order to overcome the difficulty deriving from the fragmentation 
of the research into learning difficulties of our subject. 
 
Giménez (1994) proposes a distinction between “divide” in everyday 
language and “fraction” in Mathematics, using accounts of experiences, 
stories and various cognitive stimuli together with history and classroom 
discussion designed to create greater cultural integration between different 
situations of use of fractions. 
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Groff (1994) is one of numerous researchers who believe that fractions 
should be banished from the first years of schooling. Others argue the 
contrary, sustaining, as we shall see, that informal construction of the idea 
of fraction should begin in the Infants school. I personally believe that the 
latter position is correct, while it is clearly necessary to proceed with 
caution. 
 
Mariotti, Sainati Nello, Sciolis Marino (1995) examine the skills that 
students say they possess at the moment of passage from Intermediate to 
High secondary school, discovering, through the following study in depth 
questions and answers, that they generally believe that different sets of 
numbers are disjoint and that the written form used determines the nature of 
the number. 
 
Kamii, Clark (1995) consider the classic question of the difficulty of 
understanding the relation of equivalence between fractions, I will use the 
results of this research when I will propose didactic comments on the 
learning of fractions. 
 
Pitkethly, Hunting (1996) provide an extremely wide and useful critical 
summary of many of the points of view, trends and directions of research in 
this field, obviously without explicit didactic suggestions, but only giving a 
wide panorama of research up to mid 1990s. We hope that soon a similar 
work will be carried out, starting from the work of Pikethly and Hunting, up 
to 2005 The present study is an attempt to participate in the construction of 
a similar summary for the period up to 2005. 
 
Sensevy (1996a) describes a 2 years teaching-learning experience with 
fourth and fifth year primary pupils concerning the constant negotiation of 
meanings and construction of formalisms in the classroom while conceiving 
problems involving fractions. The common and recognized objective was 
that of achieving effective communication. Meanings and formal models 
were based on appropriate semiotic tools designed to enable students and 
teacher to share the involved meanings. Obviously new social norms arise 
that determine a new form of didactic contract. Sensevy’s experience is 
based on a theoretical study (1994) carried out during his doctoral thesis.  
 
Sensevy (1996b) is also responsible for an activity of Didactic Engineering 
called “The Journal of Fractions”, conducted over a period of two years in 
fourth and fifth year primary classes. The study focuses on the temporal 
contracts which weigh upon the teaching-learning process, contracts which 
impede the pupil from becoming expert because new input is constantly 
presented before allowing previous content to be fully assimilated and 
mastered. The didactic experimentation-research, in which the pupils play 
an active role, was designed «to study the temporal conditions that can bring 



 14 

the pupil build a reflective activity within an epistemological framework» 
(p. 8). While the research does not directly concern fractions or decimal 
numbers, but rather general issues, it does however choose an example 
based on fractions extremely pertinent to our discussion. 
 
Barbero, Carignano, Magnani, Tremoloso (1996) examine concrete data 
concerning errors which students commit when working with fractions, 
analysing situations and causes, as do Bonotto (1991, 1993, 1995, 1996), 
Bonotto, Basso (1994), Bove et al. (1994). 
 
Vaccaro (1998) makes a proposal for didactics of fractions during the final 
years of primary school through using an appropriate fairy story. It is worth 
noting that this paper explicitly suggests some activities, so it is a 
contribution in the field of “didactic engineering”. 
 
Zazkis (1998) studies the polysemy in scholastic mathematical practice, a 
widespread theme in current didactic research, focusing in particular on the 
ambiguities in the use of the terms “divisor” and “quotient” and the negative 
effects of this on school practice, classroom language and learning (the text 
is based on interviews with students). Clearly this polysemy causes 
difficulties in the learning of fractions. 
 
Hahn (1999) illustrates the results of a research study, apparently disjoint 
with our topic, into the real skills which underlie the work of the salesman 
which shows that “the sole mathematical concept that trainee salesmen 
master, is that of calculating percentages” (p. 229, my translation). The 
author then studies the same type of skills as possessed by students at 
different levels. Since the concept of fraction lies at the heart of percentages 
and of its calculations, I shall later make use of these results. The study 
concerning the learning of percentages is renowned and dates more than 20 
years (for instance Noelting, 1980; Karplus, Pulos, Stage, 1994; Adda, 
Hahn, 1995). 
 
Weame, Kouba (2000) present a discussion of conceptual difficulties in the 
learning of rational numbers, as highlighted by an evaluation study of the 
progress in national education in the USA. 
 
Singh (2000) presents a study of ratio and proportion, an important theme 
for our purposes, since ratio is one of the possible semantic acceptations of 
the term fraction. As the author states, activities concerning proportions 
require the ability to handle simultaneously two ratios. Karplus, Pulos, Stage 
(1983); Hart (1988); Lamon (1993); Resnick, Singer (1993); Karplus, West 
(1994); Confrey (1994, 1995) have all made important contributions, 
concerning the same field of enquiry, established as an independent 
direction of research. 
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In the following pages, in order to study the different acceptations of 
“fraction” and general didactic problems in the learning of fractions, and in 
order to supply some didactic suggestions, I shall make reference to some 
results of the following specific works. 
 
Adjiage, Pluvinage (2000) illustrate the results of a test administered in 
class over a period of 2 years in which the one-dimensional rather than a 
two-dimensional geometrical representation is used. Their conclusion is that 
the classical two-dimensional representation causes well known obstacles, 
difficult to overcome, whereas a constant, balanced use of both can reduce 
those difficulties. They also underline the importance of making reference to 
sizes which are common in the everyday lives of pupils, something already 
emphasized by Carraher, Dias Schliemann (1991). 
 
Keijzer, Terwel (2001) present a interesting “case study” conducted over a 
period of 30 lessons in a Primary school in Holland. The objective was to 
construct a series of basic skills in handling fractions, i.e. to teach students 
fractions literacy skills . The authors describe the process of defining 
objectives, the single lessons, the constructing of learning and the tests used 
to assess the skills developed, taking account of recent didactic researches 
that highlight difficulties in order to prevent and overcome them. The study 
contains interviews between teachers and learners as well as diagrams and 
drawing produced by the latter. The study is based on the findings contained 
in Keijzer, Buys (1996) (which also contains a specific proposal for a 
curriculum concerning fractions). 
 
O’Connor (2001) presents a discussion group of fifth year Primary school 
children who consider the question: “Can any fraction be transformed into a 
decimal number?”. The goal of this work is general and the fraction as a 
mathematical object is chosen as a theme, not as the final objective. The 
objective is to show how the work of teachers often encounters problems 
arising from individual personal interpretations on the part of students, due 
both to mathematical complications and interference with calculations. The 
study is also particularly useful within the study of fractions for the way in 
which it sheds light on spontaneous constructions of knowledge. 
 
Llinares (2003) (in Chamorro ed., 2003, Chapter 7) examines Mathematics 
Education at Primary School, considering the basic elements of 
Mathematics presented as didactic suggestions to teachers, without 
neglecting general and specific results of Mathematics Education research. 
It is a set of suggestions for teaching practice and of reflections on possible 
learning results It comes out useful to see how Llinares, a protagonist in the 
study of fractions didactics in the Spanish and Latin American world at the 
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end of the 1980s, considers and uses the results of Didactics of the 1990s. 
This work will be certainly useful in the last chapter of our paper. 
 
Spain is always active in this kind of operations that give “high” support to 
the teaching practice. A text published in 2001, with similar objectives, 
edited by Castro (2001), includes an analogue chapter on fractions, still for 
primary school (Castro, Torralbo, 2001), one specific on decimal numbers 
again written by Castro, one on proportion (Fernández, 2001). 
 
In the same direction moves (Socas, 2001) in a chapter on decimal numbers 
with many didactic concerns that can be found in a university manual for 
Primary school teaching training. 
 
We can found a similar approach in Cid, Godino, Batanero (2003), another 
book dedicated to didactics focused on numerical systems which contains 
chapters on fractions and positive rational numbers (Chapter 4, pp. 159-196) 
and decimal numbers (Chapter 5, pp. 197-232), once again with many 
didactic issues, not only teaching suggestions but also reflections on 
learning processes (that become important and concrete suggestions for the 
teacher). These studies, too, will be very useful to our reflections, later. 
 
Gagatsis (2003) is a collection of  Mathematics Education articles, 
translated into Italian, regarding a research conducted by the Greek 
researcher in Greece and Cyprus, with a preface by Raymond Duval. 
Chapter 2 is dedicated to representations and learning, with many examples, 
and Section 3 (pp. 82-95) to fractions. The author poses the following 
research question: «Is there a form of representation of the concepts of 
equivalence and addition between fractions which students tend to handle 
with greater ease? Is there a mode of translation of representations relative 
to the concepts of equivalence and addition between fractions which 
students tend to handle with greater ease?» (pp. 83-84). A research study 
involving 104 fifth form primary pupils from Cyprus shows students’ 
limited flexibility in moving from one representation to another and thereby 
difficulty in choosing an effective representation of addition and 
equivalence between fractions. In this book one can find references to other 
researches of the same Author dealing with the issue of fractions and its 
representations, as Marcou, Gagatsis (2002). 
 
We mentioned a lot of works, and this points out the complexity and the 
large number of studies devoted to the field. In conclusion, some reference 
must be made to an important mainstream, which had no analogues nor 
premises in 1960s and 1970s, but starting from the 1980s it has acquired 
constant raising importance , i.e. the use of new technologies in didactics in 
general, in Mathematics Education in specific, in the didactics of fractions, 
and moreover of decimal and rational numbers. As the field is beyond the 
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scope of this study, here I will limit reference to Chiappini, Pedemonte, 
Molinari (2004), one of the most recent works dedicated to this area, 
containing an ample bibliography for those interested in pursuing further 
research. 
 
 
 
5. Different ways of understanding the concept of fraction 
 
Something which often strikes teachers on training courses is how an 
apparently intuitive definition of fraction can give rise to at least a dozen 
different interpretations of the term. 
1) A fraction as part of a one-whole, at times continuous (cake, pizza, the 
surface of a figure) and at times discrete (a set of balls or people). This unit 
is divided into “equal” parts, an adjective often not well defined in school, 
with often embarrassing results such as the following, concerning 
continuous situations: 
 
 
 
 

or discrete ones: how to calculate 
5
3

 of 12 people. 

 
Providing students with concrete models and then requesting abstract 
reasoning, independently of the proposed model, is a clear indicator of a 
lack of didactic awareness on the part of the teacher and a sure recipe for 
failure. 

2) At times a fraction is a quotient, a division not carried out, such as 
b
a

, 

which should be interpreted as a:b; in this case the most intuitive 
interpretation is not that of part/whole, but that we have a objects and we 
divide them in b parts. 
3) At times a fraction indicates a ratio, an interpretation which corresponds 
neither to part/whole nor to division, but is rather a relationship between 
sizes. 
4) At times a fraction is an operator. 
5) A fraction is an important part of work on probability, but it no longer 
corresponds to its original definition, at least in its ingenuous form. 
6) In scores fractions have a quite different explanation and seem to follow a 
different arithmetic. 
7) Sooner or later a fraction must be transformed into a rational number, a 
passage which is by no means without problems. 
8) Later on a fraction must be positioned on a directed straight line, leading 
to a complete loss of its original sense 
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9) A fraction is often used as a measure, especially in its expression as a 
decimal number. 
10) At times a fraction expresses a quantity of choice in a set, thereby 
acquiring a different meaning as an indicator of approximation. 
11) It is often forgotten that a percentage is a fraction, again with particular 
characteristics. 
12) In everyday language there are many uses of fractions, not necessarily 
made explicit, e.g. for telling the time (“A quarter to ten”) or describing a 
slope (a 10% rise”), often far from a scholastic idea of fractions. 
 
In this respect the studies of Vergnaud are illuminating. I am personally 
convinced that conceptual learning is the first stage of mathematical 
learning. So many different meanings for the concept of “fraction” require 
an attempt to find some unifying principle. Following Vergnaud, we can 
consider a concept C as three sets C = (S, I, S) such that: 
• S is the set of situations that give sense to the concept (the referent); 
• I is the set of the invariants on which is based the operativity of the 

schemata (the signified); 
• S is the set of linguistic and non-linguistic forms that permit symbolic 

representation of the concept, its procedures, the situations and treatment 
procedures (the signifier). 

 
Thus it is evident that the choice of a single meaning of fraction cannot 
conceptualize the fraction in its multiple features. 
As we have seen: 
• Behind the same term “fraction” are hidden may different situations 

which give sense to the concept 
• Each of these situations contains invariants on which are based the 

operativity of the schemata, 
• Various linguistic forma can be used to represent the concept. 
 
Thus it is necessary to conceptualize the fraction via all of these meanings 
and not just through one or two of them, a scholastic choice that would lead 
to failure. 
 
Vergnaud proposes also a theory of conceptual fields: “a set of situations, 
concepts and symbolic representations (signifiers) closely interdependent 
which cannot be analyzed separately” … “a set of problems and situations 
the handling of which requires different concepts, procedures and 
representations which are strictly interconnected”. 
 
On the one hand, it is impossible to imagine an approach to teaching 
fractions in isolation from the mathematical context which gives them 
sense: fractions, ratios, proportions, multiplications, rational numbers, are 
but a few of the emerging features from all of that which gives sense to 
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fractions. These concepts must not be separated, but rather should flow 
together in one sole learning process. On the other, all the different 
acceptations of fractions must be explored and put in relationship between 
one another, since there are considerable differences between some of them. 
 
Gérard Vergnaud’s ternary schema is important and useful, as we have seen, 
but other approaches have been proposed for the conceptualization. More 
recently, Raymond Duval has replaced the ternary schema with a binary 
schema containing the pair “meaning-object” or “sign-object”, thereby 
expressing the idea that conceptualization passes through the sign which 
expresses its own object. The occurrences of the mathematical object 
“fraction” are multiple and refer back to a variety of signs each one 
belonging to an appropriate system of signs. 
 
 
 
6. The noetics and semiotics of fractions 
 
The term “noetics” refers to conceptual acquisition and thus within the 
school environment to conceptual learning. 
The term “semiotics” refers to the representation of concepts through 
systems of signs. 
Both are of extraordinary importance in Mathematics. 
 
On the one hand any form of mathematical activity requires the learning of 
its concepts. On the other it is impossible to study the learning in 
Mathematics without referring to semiotic systems. 
 
It is important to bear in mind that the concepts of Mathematics do not exist 
in concrete reality. The point P, the number 3, addition, parallelism between 
straight lines, are not concrete objects which exist in empirical reality. They 
are pure concepts, ideal and abstract, and therefore , if we want to refer to 
them, they cannot be “empirically displayed” as in other sciences. In 
Mathematics concepts can only be represented by a chosen semiotic 
register. 
As a matter of fact, in Mathematics we do not work directly with objects 
(i.e. with concepts), but with their semiotic representations. So semiotics, 
both in Mathematics and in Mathematics Education, is fundamental. 
 
To represent a given concept there are many possible registers. Passing from 
one representation to another within the same register is called 
“transformation by treatment”, while a change of semiotic representation 
into another register is called “transformation by conversion”. In 1993 
Duval called attention to a cognitive paradox hidden within these issues. We 
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shall see that as regards the didactics of fractions this is an extraordinary 
important issue. 
 
The objective is conceptual learning. The teacher (who knows the concept) 
proposes some of its semiotic representations to the student (who does not 
yet know the concept), in the hope, with the desire and will, that, via the 
semiotic representations, the student will be able to construct the desired 
conceptual learning (noetics) of the concept. But the student possesses only 
semiotic representations, objects (words, formulae, drawings, diagrams, 
etc.), but not the concept itself. If the student already knew the concept, he 
could recognize it in those semiotic representations, but since he does not 
know it, he sees only semiotic representations, i.e. concrete objects, ink 
marks on sheets of paper, chalk marks on a blackboard, etc. 
 
The teacher who is unaware of noetics and semiotics may well cherish the 
illusion that, if the student manipulates the representations, then he is 
manipulating the concepts and thus the cognitive construction has taken 
place. In reality, it may well be that an incredible widespread ambiguity has 
arisen: the student has only learnt to manipulate the semiotic representations 
but has not at all constructed the concept and the teacher is suffering from 
an illusion. 
 
In this respect, there are no miraculous recipes, there is only the need of 
awareness. 
The teacher who is aware of this issue, cannot avoid focusing on the 
learning of his students, verifying if they really belong to the sphere of 
noetics and not only to the semiotic manipulation. 
 
The fraction is a concept thus its learning is within noetics. As such, it 
cannot be concretely displayed. We can operate with a one-whole, an object, 
a cake, dividing it and obtaining a part. But the result is not the 
mathematical “fraction”, only the “fraction of that object”. Working with 
the semiotic register of concrete operations, we have shown a semiotic 
representation, not the concept. 
 
We can use words to describe what we have done to the cake, thereby 
changing semiotic register and showing another semiotic representation, but 
not the concept. 
 
We can pass to other examples, abstracting from the concrete object, the 
cake, going to another concrete object, for example a rectangle (better its 
area), but once again we have changed semiotic register thus providing 
another semiotic representation, not the concept. 
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At this point we normally go beyond the object (cake, rectangle, etc.) to its 
abstraction and the concept of fraction is supposed to have been constructed 
independently from the concrete model of departure considered as unit or 
whole. But often this is an illusion. 
 
Up to this point the units are continuous objects: a cake or the surface of a 
rectangle. Passing to discrete units - e.g. 12 balls which must, however, be 
considered as one unit-whole - the register has been completely changed but 
it is taken for granted that the conversion spontaneously takes place. Indeed, 
at this point (maybe even before) an appropriate mathematical formalism is 
introduced, the written form of fractions, together with the terms 
“numerator” and “denominator”: as a matter of fact a new semiotic 
representation in a different register is supplied, and thus a new kind of 
conversion. 
 
… 
 
All this, and more, normally takes place within a lesson of 30-40-50 
minutes. 
 
The distinguishing features that characterize the different objects are 
chosen– the act of dividing, the cake (continuous), the surface (continuous) 
of a rectangle, the set of balls (discrete), the formal writing with its specific 
names – treatment transformations (few) and conversion transformations 
(many) are continuously carried out, taking for granted that, if the student is 
capable of reproducing them, the teaching has been successful, the learning 
achieved and the concept constructed. 
 
If, however, we recognize that semiotics and noetics are not the same thing 
and that learning to manipulate semiotic representations is not noetics, we 
can understand how, usually after apparent initial success, within a few 
lessons or within the following weeks or months students may be in grave 
crisis, having learnt to manipulate a few passages and registers, nothing 
more, but he has not at all constructed the concept we wanted him to 
construct. 
 
 
 
7. Difficulties in the learning of fractions and Mathematics 
Education 
 
Research has illustrated some errors which are typical in students the world 
over. Research has thoroughly and precisely studied and listed them. Below 
we summarize the most important. 
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1) Difficulty in ordering fractions and numbers written in the decimal 
notation. 
2) Difficulty with operations between fractions and between rational 
numbers. 
3) Difficulty in recognizing even the most common schemata. 
4) Difficulty in handling the adjective “equal”. 
5) Difficulty in handling equivalences. 
6) Difficulty in handling the reduction to minimum terms. 
7) Difficulty in handling non standard figures. 
8) Difficulty in passing from a fraction to the unit that has generated it. 
9) Difficulty in handling autonomously diagrams, figures or models. 
 
Research has highlighted these typical errors and has classified them, but 
without using modern Mathematics Education considered as Learning 
Epistemology in the specific case of fractions, thereby turning over its point 
of view, using the results of the copious research that has been conducted 
over the past 40 years. 
This need has pushed me to consider the main research topics into 
Mathematics Education and come back to the previous classical research 
into fractions under this point of view, looking for didactic and not 
mathematical motivations of these “typical errors” The following list 
considers but a few of the issues involved. 
 
1. Didactic contract 
 

(a) The “sum” of fractions: 
db
ca

d
c

b
a

+
+=+  is not something the student 

proposes to the teacher because he believes it to be true, but because he 
thinks it may be acceptable by the teacher in terms of its form … 
(b) In the context of a problem involving fractions, it is illusory to imagine 
that the student reasons, while choosing the appropriate operation to 
perform, when it is well known that, by contract, his objective is that of 
receiving a nod of approval and so is perfectly capable of producing a series 
of proposals often quite contradictory. The apparent absurdity (from the 
mathematical point of view) of the series of proposals gains a logic (from 
the point of view of didactics). 
 
Many studies about the didactical contract have highlighted situations that 
implicitly were under everybody’s attention, without being clearly 
expressed and understood: students give up taking risks, abdicate the burden 
of responsibility for their own learning and act only in terms of the contract. 
With reference to fractions this is rather evident. 
 
2. Excessive semiotic representations 
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Opening any textbook shows immediately the immense number of semiotic 
representations available for expressing fractions. 
 
Handling these registers choosing the distinguishing features of the concept 
we must treat and convert, is not learnt automatically. This learning results 
from a process of explicit teaching in which the teacher must render the 
student co-responsible.  
 
Teachers often underestimate this aspect, ignoring the warning of Duval and 
passing from one register to another, believing that the student follows. The 
teacher is able to jump from one register to another without problems, 
because he has already conceptualized: while in fact the student does not so, 
the student follows at the level of semiotic representatives, but not of 
meanings. 
 
3. Prematurely formed images and models 
 
Dealing with fractions, often an image can be transformed too quickly into a 
mental model, when it should still remain an image. Let us take some 
examples. 
 
(a) The image of a unit-whole divided into equal parts, taking equal to be 
identity, congruency, superimposability, creates an effective and durable 
concept of fraction which then transforms into a model and has to be 
respected on all occasions and thus impedes the noetics of the fraction. 
(b) The image of dividing a unit-whole in equal parts and taking some of 
them suggests semantically that this “some” cannot be “all”. The model is 
easily reinforced, given that it coincides with  a strong intuition, but then 

impedes the passage to a unit as a fraction 
n
n

 and to improper fractions. 

(c) The use of geometric figures is seen by students to be specific and 
meaningful, whereas for the adult it is random and generic. The continuous 
use of only rectangles or circles compels to a way of thinking in which an 
image, instead of being open, ductile and modifiable, becomes a persistent 
and stable model. If the fraction is proposed using different figures (triangle, 
trapezium,…) the student no longer grasps the noetics of the fraction 
because the situation is not a part of his model 
 
4. Misconceptions 
 
There are numerous examples of misconceptions concerning fractions. 
Many of the examples we have seen are ascribable to students’ 
misconceptions which have then become premature models when instead 
they had to remain provisional images. We have seen examples. I recall 
misconceptions linked to order between fractions, based on that between 
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natural numbers, to the simplification of fractions, to the handling of 
equivalences between fractions, to operations between fractions, to the 
choice of figures on which to operate with fractions … 
 
5. Ontogenetic, didactic and epistemological obstacles 
 
Many of the things to be learnt concerning fractions can be considered as 
true epistemological obstacles and are easily recognizable in the history and 
in the practice of teaching. 
(a) The reduction of fractions to minimum terms has for long been a specific 
object of study in history, as is shown by the fact that the Egyptians who 
cultivated fractions for many centuries used only fractions with unitary 
numerators 
(b) The passage from fractions to decimal numbers required over 4,500 
years of Mathematics. 
(c) The handling of zero in fractions has often created enormous problems 
in history, even for illustrious mathematicians. 
 
6. Excess of didactic situations and lack of a-didactic situations 
 
The situations that teachers propose for the learning of fractions are mainly 
didactic whereas they rarely correspond to a-didactic situations. The result is 
of almost total failure in the learning of fractions and rational numbers, and 
this is clearly pointed out in the international literature. Today we know that 
the construction of meaningful learning must pass through a-didactic 
situations, but that these are by no means the most used in teaching practice, 
while it should be so. 
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